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A thermodynamics solution model has been de®eloped for concentrated trona brines
o®er temperatures ranging from about 0�C to 200�C. The model was constructed by
regressing on solubility data for the temperature-dependent parameters in Pitzer’s acti®ity
coefficient model. In addition, the model incorporates published thermochemical data
for the solid salts and aqueous species. In some cases it was necessary to estimate solid
salt heat capacities, but otherwise no adjustments were made in the thermochemical
parameters. With one exception, the model pro®ided an excellent fit to the data. The
existence of a high-temperature trona phase reported earlier cannot be reconciled with
the model and is belie®ed to be in error. The phase-equilibrium diagram generated by
the model appears suitable for design purposes.

Introduction
The trona industry in southwestern Wyoming is North

America’s principal source of soda ash, and markets for
Wyoming soda ash continue to expand into the Pacific

ŽRim countries. Trona ore �90% sodium sesquicarbonate,
.Na CO �NaHCO �2H O is mechanically mined at depths2 3 3 2

of up to 500 m and brought to the surface where it is pro-
Ž .cessed into soda ash anhydrous Na CO and other2 3

sodium-based chemicals. Most soda ash is produced by the
‘‘monohydrate’’ process in which the raw trona ore is first
calcined to decompose the bicarbonate ion. The crude soda
ash product is then subjected to a crystallization purification
process whereby sodium carbonate monohydrate crystals are
formed. Upon removal of the water of hydration, a dense
soda ash is produced. In the alternative ‘‘sesqui’’ process, the
raw trona ore is first dissolved, and sodium sesquicarbonate
is produced by crystallization. This material is then calcined
to produce soda ash. In either case, purification and separa-
tion of the product are heavily dependent upon phase-equi-
librium relationships that were developed from experiments
conducted in the first half of the last century.

These empirical phase relationships have served the indus-
try well. The natural-soda-ash industry has grown steadily
since its inception in the early 1950s, and today over 20 mil-
lion tons of trona are mined annually in the Green River
Basin. Normally the process brines are almost entirely com-
posed of sodium, carbonate, and bicarbonate ions. Traces of
other soluble impurities can be handled with a purge stream.
However, situations are sometimes encountered in which it
becomes necessary to deal with foreign ions. For example,
the tailings ponds associated with the mining and processing
operations generally contain substantial amounts of sulfate.

These ponds are potentially a valuable resource, but it will be
necessary to deal with sulfate ions should it become desirable
to process pond liquor. Similarly, solution-mined trona brines
are known to contain chloride. While solubility data on mixed
electrolytes are available in specific cases, the range of tem-
peratures and compositions over which these contaminated
brines can be processed is very wide. It sometimes becomes
necessary to collect additional data to establish the necessary
phase relationships. Alternatively, these relationships might
be calculated from a thermodynamics-solution model.

The ultimate goal of the research described herein is to
develop a thermodynamics-solution model that can be ap-
plied to mixed electrolytes over a wide range of compositions
and temperatures. In the present communication, the system
is limited to trona solutions at temperatures from the freez-
ing point of water to 200�C. Earlier work on this system was

Žlimited to temperatures below 50�C Peiper and Pitzer, 1982;
.Monnin and Schott, 1984 , although we reported some pre-

liminary results applicable to temperatures as high as 100�C
Ž .Haynes and De Filippis, 2000 . In a subsequent contribution
the results of this study will be coupled with high-tempera-
ture studies on other systems to make predictions of phase
behavior and other thermodynamic equilibria in the presence
of foreign ions.

Approach
The basis of these calculations will be molality-based solu-

bility products for the various salts of interest. Thus, for the
dissolution of sodium sesquicarbonate in pure water, we can
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write

Na CO �NaHCO �2H O s °3Naq aq qCO s aqŽ . Ž . Ž .2 3 3 2 3

qHCOy aq q2H O lŽ . Ž .3 2

and the solubility product is given by

K � a3
q a s a y a2ˆ ˆ ˆ ˆsp Na CO HCO w3 3

3 2
q q s s y ys � m � m � m aŽ . Ž .Ž .ˆNa Na CO CO HCO HCO w3 3 3 3

s� 3 � 2 m3
q m s m y a2 1Ž .ˆNa CO NaHCO Na CO HCO w2 3 3 3 3

where the � are mean ionic activity coefficients having theMX
definition

� � �� �q� �y 2Ž .MX M X

for the salt M X , which dissociates into � s� q� ions.� � q yq y
The solvent activity, a , is related to the osmotic coefficient,ˆw
�, according to

�Ými
ln a sy 3Ž .Ž .ˆw 55.51

The standard state for the salts is the pure solid salt, the
standard state for the solvent is pure liquid water, and the
standard state for all ions in solution is the hypothetical 1-

Ž .molal ideal solution Henry’s law sense . In all cases the stan-
dard-state temperature is system temperature and the stan-

Ždard-state pressure is taken as one bar in some cases the
standard-state pressure is the saturation pressure, but since
we are dealing with condensed phases, the correction to one

.bar can be ignored .
Provided that the salts dissolve completely and that only

sodium carbonate and sodium bicarbonate are present, the
ion molalities in Eq. 1 can be calculated from the salt compo-
sitions using stoichiometry. Thus

m qs2m qmNa Na CO NaHCO2 3 3

m ssmCO Na CO3 2 3

m ysm 4Ž .HCO NaHCO3 3

Here it is implicitly assumed that compositions are not al-
tered significantly by homogeneous reaction equilibria,
namely, the self-ionization of water and the first and second
ionizations of carbonic acid. While the introduction of small
amounts of hydroxyl ion and dissolved carbon dioxide by these
reactions may be important in dilute solutions, saturated trona
solutions are by their nature highly concentrated. Homoge-
neous reaction equilibria can thus be ignored. Another po-
tential complication is ion association, which generally in-
creases in importance at high temperatures and in concen-
trated solutions. The most likely candidate is the association
between the monovalent sodium cation and the divalent car-
bonate anion to form a monovalent sodium carbonate ion,
NaCO y. However, rather than treat association reaction3

equilibria explicitly, the approach employed here is to treat a
weak ion association as a strong solution nonideality. The ef-
fect is implicitly taken into account by the activity coefficient
model.

The solubility product is related to the standard Gibbs free
energy of reaction according to the familiar relation

�Go
sp ,T

ln K sy 5Ž .Ž .sp RT

Thus, the various solubility products can be obtained from
thermochemical data for the salts, the solvent, and the
ions in solution. The thermochemistry of the sodium carbon-
ate�sodium bicarbonate system is quite well known. Berg and

Ž . Ž .Vanderzee 1978 and Vanderzee 1982 have critically evalu-
ated the salt properties. Thermochemical data for the aque-
ous species are taken from the extensive work of Helgeson

Ž .and coworkers Shock and Helgeson, 1988; Shock et al., 1989 .
The thermochemical data from these sources appear to be of

Ž .sufficient quality that the calculated values of ln K can besp
treated as known quantities, at least initially, with no adjust-
ment to obtain an improved fit to the solubility data.

Concentrated electrolytes generally form highly nonideal
solutions, and several activity coefficient models are available
for application to such systems. The ion-interaction model of
Pitzer was chosen for this study because of its applicability to
mixed electrolyte solutions and the fact that it has been suc-
cessfully applied to solubility calculations for many salts at
25�C, including the sodium carbonate�sodium bicarbonate

Ž .system Harvie et al., 1984 . The Pitzer model has also been
successfully applied to a smaller number of systems at ele-
vated temperatures as high as 300�C. Some examples are pro-

Žvided by Pitzer and coworkers for aqueous NaCl Rogers and
. ŽPitzer, 1982; Pitzer et al., 1984 , aqueous Na SO Pabalan2 4

. Žand Pitzer, 1988 , and mixed electrolytes Pabalan and Pitzer,
.1987 . Others have included solubility data in the evaluation

Žof Pitzer coefficients at elevated temperatures Mou ller, 1988;
.Greenberg and Mou ller, 1989 . Like all semiempirical activity

coefficient models, the Pitzer model contains unknown tem-
perature-dependent parameters that must be regressed with
experimental data.

To summarize, all quantities in Eq. 1 and like equations
for the other salts are calculable with the exception of the
activity coefficients. Solution compositions are readily ob-
tained from stoichiometry under the assumption that homo-
geneous reactions and ion-association reactions can be ig-
nored. Thermochemical data for the sodium carbonate�
sodium bicarbonate system are assumed to be of a quality
sufficient to obtain accurate phase equilibria. The only un-
known quantities are the parameters that appear in Pitzer’s
activity coefficient model. Solubility data will be regressed for
these parameters. High-quality solubility data are available
from several sources at temperatures below 100�C, and lim-
ited data of lesser quality are available at temperatures up to
200�C.

Thermochemical Calculations
ŽVanderzee and his students Berg and Vanderzee, 1978;

.Vanderzee, 1982 have made a very thorough evaluation of
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Table 1. Thermochemical Data at 25�C for the Solid Salts
o o� H Sf

Ž . Ž .Compound kJrmol Jrmol �K
Ž .NaHCO s y948.952�0.210 102.36�0.803
Ž .Na CO s y1,129.178�0.260 134.98�0.842 3

Ž .Na CO �H O s y1,429.736�0.270 168.11�0.842 3 2
Ž .Na CO �7H O s y3,199.48�0.90 422.36�1.502 3 2
Ž .Na CO �10H O s y4,079.777�0.500 562.74�1.152 3 2

Ž .Na CO �NaHCO �2H O s y2,682.11�0.44 303.13�1.702 3 3 2
Ž .Na CO �3NaHCO s y3,984.03�0.80 435.33�2.502 3 3

Ž . Ž .Source: Berg and Vanderzee 1978 ; Vanderzee 1982 .

thermochemical data for the solid salts. For ions and neutral
species in solution, the extensive work of Helgeson and
coworkers is accessed. Helgeson’s work has culminated in a

Ž .revision of the Helgeson�Kirkham�Flowers HKF ‘‘equa-
Žtion of state’’ Helgeson et al., 1981; Tanger and Helgeson,

.1988 , which, however, is somewhat a misnomer, since HKF
calculations apply only to species in their standard states. The
only missing thermochemical data are standard-state heat ca-
pacities for some of the salt species. These have been esti-
mated as described below.

Relevant thermochemical data for the salts of interest to
Ž .this study were taken from Berg and Vanderzee 1978 and

Ž .Vanderzee 1982 and are compiled in Table 1. In order to
compute thermodynamic properties of these salts at elevated
temperatures, standard-state heat capacities are required as
a function of temperature. These data are available for anhy-
drous sodium carbonate, for sodium bicarbonate, and for the
monohydrate and decahydrates of sodium carbonate.

Heat capacity data for sodium carbonate and sodium bicar-
bonate taken from the compilation of Chang and Ahmad
Ž .1982 were plotted vs. temperature over the range 298 to 500
K. A good straight line fit was obtained for both solids. For
sodium carbonate the isobaric heat capacity in Jrmol �K is
given by

C os64.648q0.16008T 6Ž .p

where T is in K. Similarly for sodium bicarbonate

C os44.893q0.14389T 7Ž .p

Ž .Grounvold and Meisingset 1983 reported molar heat capaci-
ties for sodium carbonate monohydrate over the temperature
range 250 to 380 K. Their data are in excellent accord with

C os69.051q0.26725T 8Ž .p

This same study also provided heat capacities for the decahy-
drate over the temperature range 298 to 305 K. Thus

C os287.609q0.888083T 9Ž .p

Note that heat-capacity data are needed only from the refer-
Ž .ence temperature T s298.15 K to the maximum tempera-r

ture that a particular salt can exist. Thus, the temperature
ranges covered by the preceding expressions are adequate.

Table 2. Standard-State Heat-Capacity Coefficients for the
Solid Salts�

oCompound a b Cp

Ž .NaHCO s 44.893 0.14389 87.793
Ž .Na CO s 64.648 0.16008 112.382 3

Ž .Na CO �H O s 69.051 0.26725 148.732 3 2
Ž . Ž . Ž . Ž .Na CO �7H O s 198.365 0.77739 430.142 3 2
Ž .Na CO �10H O s 287.609 0.88083 550.232 3 2

Ž . Ž . Ž . Ž .Na CO �NaHCO �2H O s 169.037 0.37293 280.232 3 3 2
Ž . Ž . Ž . Ž .Na CO �3NaHCO s 199.327 0.59175 375.762 3 3

�C o in Jrmol � K; T in K.p

It appears that no heat-capacity data are available for the
remaining salts�trona, Wegscheiderite, and sodium carbon-
ate heptahydrate. These were estimated by assuming that
�C o is zero for the following formation reactionsp

Na CO s qNaHCO s q2H O hydŽ . Ž . Ž .2 3 3 2

sNa CO �NaHCO �2H O sŽ .2 3 3 2

Na CO s q3NaHCO s sNa CO �3NaHCO sŽ . Ž . Ž .2 3 3 2 3 3

and

Na CO �10H O s s3H O hyd qNa CO �7H O sŽ . Ž . Ž .2 3 2 2 2 3 2

For the water of hydration, the heat capacity of ‘‘structural’’
Ž .water taken from Helgeson and coworkers 1978 was em-

ployed

C os29.748q0.03448T 10Ž .p

In summary, parameters in the general linear expression for
heat capacity

C osaqbT 11Ž .p

Ž .are compiled in Table 2. Those values in are estimated on
the basis of the formation reactions as described. Standard-

Ž .state heat capacities at the reference temperature 298.15 K
were calculated from the preceding expressions and entered
into the last column of the table. In some cases, these values
tend to be slightly higher than values recommended by Van-
derzee, who also estimated C o values for trona, Wegschei-p
derite, and the heptahydrate. Other small differences arise
because the data of Grounvold and Meisingset were unavail-
able to Vanderzee, who based his calculations on the earlier

Ž .heat-capacity data of Waterfield et al. 1968 .
Thermochemical data for all aqueous species were ob-

tained from the HKF model, which provides apparent stan-
dard Gibbs free energies of formation. The ‘‘apparent’’ stan-
dard Gibbs free energy differs from the con®entional stan-
dard Gibbs free energy of formation in the following way:
The ‘‘apparent’’ standard Gibbs free energy of formation of a
component at any temperature is defined as the Gibbs free
energy required to form one mole of the compound at speci-
fied temperature, T , from the elements at the reference tem-

( )perature T s298.15 K , all species in their standard states.r
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( o )Table 3. Standard State Entropies at 25�C P s1 bar
oS298

Ž .Element Jrmol �K
Ž .Na s 51.30�0.20

Ž .C s 5.74�0.10
Ž .O g 205.152�0.0052
Ž .H g 130.680�0.0032

Ž .Source: Cox et al. 1989 .

The ‘‘conventional’’ or ‘‘actual’’ standard Gibbs free energy of
formation is referenced to the elements at system tempera-
ture, T. The following equation relates the apparent standard
Gibbs free energy of formation of the salt to thermochemical
parameters compiled in the preceding tables

�Go ,apps� H o yTSo qa TyTŽ .f ,T f ,298 s ,298 r

1 2 oy b TyT yaT ln TrT yT � S 12Ž .Ž . Ž . Ýr r r j j,2982 j ,elem

The last term is the sum over all the formation elements in
their standard states. Thus, in order to compute apparent
standard Gibbs free energies of formation for the various
salts, the standard-state entropies of the elements at the ref-
erence temperature are required. Data from the CODATA

Ž .task group Cox et al., 1989 are compiled in Table 3.
Apparent standard Gibbs free energies of formation for all

aqueous species and for the solvent, water, were calculated
from the HKF model using parameters provided by Shock

Ž .and coworkers Shock and Helgeson, 1988; Shock et al., 1989 .
Ž .Tabulated values provided by Oelkers and coworkers 1995

were used as a check on the computations. The standard
Gibbs free energy change for the dissolution reactions were
calculated using

�Go s � �Go ,app 13Ž .Ýsp ,T j f ,T , j
j

where the � are now stoichiometric coefficients in the disso-j
lution reaction for a particular salt.

Having computed the standard Gibbs free energy change
for all the dissolution reactions, the solubility products were
next calculated using Eq. 5. The results of these computa-
tions are presented in Figure 1. This figure displays the re-
sults of equilibrium calculations for all salts relevant to this
study. In subsequent calculations, it will be convenient to have
simple mathematical expressions for the equilibrium con-
stants plotted in Figure 1. Accordingly, these computational
results have been subjected to regression analysis using an
equation of the form

ln K sB Ty1qB qB ln T qB TqB T 2Ž .Ž .sp 1 2 3 4 5

with T in K. The regression coefficients are compiled in Table
4. Equation 14 reproduces the results plotted in Figure 1 to

Ž .two decimals in ln K . Since the evaluation of these expres-sp
sions may involve differences between large numbers, round-
off of the coefficients is not recommended.

( )Figure 1. Ln K values for various salts.sp

At low temperatures, slightly below 0�C because of the
freezing-point depression, ice will form. Consider the equilib-
rium between solid and liquid water

H O s °H O l VŽ . Ž . Ž .2 2

Taking the standard state as the pure liquid and pure solid,
we can write

âH OŽl.2K s sa 15Ž .ˆfus wâH OŽs.2

Thus, the equilibrium constant for melting is equivalent to
the activity of water. This equilibrium constant is related to
the standard Gibbs free energy change according to Eq. 5,
and upon substituting the definition of Gibbs free energy G
� HyTS, we have

�So � H o
T T

ln K s y 16Ž .Ž .fus R RT

Ž .Over the small temperature range of interest only about 3�C ,
it may be reasonably assumed that both �So and � H o are
constant, and these quantities are readily obtained from the

Ž .steam tables Keenan and Keys, 1936 . Thus

722.4412419
ln K s2.6448517y 17Ž .Ž .fus T

Activity Coefficient Model
According to Pitzer’s ion-interaction theory, the excess
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Gibbs free energy is written as a virial expansion, that is

G E 1m sw f I ,T q � I ,T n nŽ . Ž .Ý Ýw jk j kRT ww j k

1
q 	 n n n 18Ž .Ý Ý Ý jkl j k l2ww j k l

Ž .where f I,T is a Debye�Huckel term that accounts for¨
Ž .long-range electrostatic forces, and � I,T and 	 are, re-jk jkl

spectively, the second and third virial coefficients that ac-
count for the effect of short-range interactions. The
Debye�Huckel term is a function of ionic strength, I, and¨
absolute temperature, and can be calculated from theory. The
second virial coefficients, also functions of ionic strength and
temperature, are empirical parameters. Similarly, the third
virial coefficients are empirical parameters that generally as-
sume lesser importance by comparison to the second virial
coefficients. They may often be treated as constants or simply
ignored. The molality-based ionic strength has the usual defi-
nition

1
2I � m z 19Ž .Ý j j2 j

where z is the charge on the jth ion.j
Ž .Pitzer 1995 shows how Eq. 18 can be rearranged by im-

posing the condition of electrical neutrality and reasonable
simplifying assumptions to obtain certain allowable groupings
of the virial coefficients. The operation effectively reduces
the number of model parameters. Since details are available
in the preceding reference, only the working equations will
be presented here.

The mean ionic activity coefficient for the salt M q X y is� �

given by the following expression

n n n nc a c a1
� � �ln � sy z z f q m m B q m m 
Ý Ý Ý ÝMX M X i j i j i j i j½ 2 is1 js iq1 is1 js1

n n na a a� �M X�q m m 
 q m 2 B qZC q2 
Ý Ý Ýi j i j j Mj Mj X jž /5 � �Mis1 js iq1 js1

nc� �X Mq m 2 B qZC q2 
Ý i i X i X Miž /� �Xis1

n nc a1
q m m 2� z C q� � q� �Ž .Ý Ý i j M M i j M Mi j X i jX� is1 js1

n n n nc c a a� �X Mq m m � q m m � 20Ž .Ý Ý Ý Ýi j i jX i j Mi j� �is1 js iq1 is1 js iq1

and for the osmotic coefficient

n nc a2 1
� ��s1q y fy If q m m B q IBŽ . ŽÝ Ý i j i j i j½ 2mÝ i is1 js1

i

n n nc c a
�qZC q m m 
 q I
 q m �. Ý Ý Ýi j i j i j i j k i jkž /

is1 js iq1 ks1

n n na a c
�q m m 
 q I
 q m � 21Ž .Ý Ý Ýi j i j i j k ki j 5ž /

is1 js iq1 ks1

where

n nc a

Z� m z y m z 22Ž .Ý Ýi i i i
is1 is1

For sums over n cations, the m represent cation molalities,c i
and likewise for sums over n anions, the m represent aniona i
molalities. Computation of the various functions appearing in
Eqs. 20 and 21 will be addressed next.

The Debye�Huckel term, f , is a modification of the origi-¨
Ž .nal Debye�Huckel limiting law. Pitzer 1995 writes¨

4Ia
1r2fsy ln 1qbI 23Ž . Ž .

b

Here, the parameter a is a temperature-dependent parame-
ter equal to one-third the original Debye�Huckel parameter.¨
Its value at 25�C is as0.3915 kg1r2 �moly1r2. The expression

Ž .of Mou ller 1988 , valid for temperatures from 0�C to 300�C,
was employed in this study. The parameter b is assigned a
universal value of bs1.2 kg1r2 �moly1r2. The derivative of the
modified Debye�Huckel function, Eq. 23, is given by¨

df f 2 aI1r2
�f � s y 24Ž .1r2ž /dI I 1qbI

It is a simple matter to show that these equations reduce to
the original Debye�Huckel limiting law in the infinite dilu-¨
tion limit.

The quantity, B , in Eqs. 20 and 21 is a collection of sec-i j
ond virial coefficients, that is, the � of Eq. 18, which ac-i j
counts for two-way interactions between ions of unlike sign,
that is, between cations and anions. In isothermal systems,
Pitzer recommends the following semiempirical equation for
the ionic strength dependence of the Bi j

B s� Ž0.q� Ž1.g 
 I 1r2 25Ž .Ž .i j i j i j 1

Ž . ŽThis expression is suitable for 1�1 such as NaCl , 2�1 such
. Ž .as MgCl , and 1�2 such as Na SO -type electrolytes with2 2 4

1r2 y1r2 Ž Ž .
 s2.0 kg �mol Pabalan and Pitzer 1988 employed a1
value of 
 s1.4 kg1r2 �moly1r2 for Na SO for consistency1 2 4

Ž .with the earlier work of Holmes and Mesmer 1986 . They
report only a ‘‘slight improvement’’ with this modification of
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the original Pitzer formulation. Consequently, the current
1r2 y1r2 .calculations are based on 
 s2.0 kg �mol . The func-1

Ž .tion g x is given by

w yx x2 1y 1q x eŽ .
g x � 26Ž . Ž .2x

Ž .For 2�2 such as MgSO -type electrolytes, 
 is shifted,4 1
and an additional term is needed in Eq. 25. Thus, for 2�2-type
electrolytes

B s� Ž0.q� Ž1.g 
 I 1r2 q� Ž2.g 
 I 1r2 27Ž .Ž . Ž .i j i j i j 1 i j 2

where 
 s1.4 kg1r2 �moly1r2 and 
 s12 kg1r2 �moly1r2. The1 2
ionic strength derivative function, B� , is also required. Dif-i j
ferentiation of the previous equation provides

� B y2i j� 2 Ž1. 1r2 1r2 1r2B � s
 � exp y
 I y g 
 I 
 IŽ . Ž . Ž .i j 1 i j 1 1 1� I

y22 Ž2. 1r2 1r2 1r2q
 � exp y
 I y g 
 I 
 I 28Ž .Ž . Ž . Ž .2 i j 2 2 2

Common practice is to use these same functions at elevated
temperatures, and to correlate the � coefficients with tem-i j
perature.

The 
 are also collections of second virial coefficients,i j
but unlike the B , they represent interactions between ionsi j
of like sign. They consist of two terms, that is


 s� qE� 29Ž .i j i j i j

with the former, � , being independent of ionic strength. Thei j
second term, E� , on a complex manner upon ionic strength,i j
but disappears for symmetrical mixing. Thus � is a fittingi j
parameter independent of ionic strength, and E� is com-i j
puted as follows. Define

x s6 z z aI1r2 30Ž .i j i j

where a is the modified Debye�Huckel parameter intro-¨
duced earlier. The E� are related to the x according toi j i j

z z 1 1i jE� s J x y J x y J x 31Ž . Ž . Ž . Ž .i j i j ii j j4I 2 2

and the J-functions are given by

y1y0.7237 0.528J x s x 4q4.581 x exp y0.012 x 32Ž . Ž . Ž .

For the derivatives

d E�i j� E �

 s � � 33Ž .i j i j dI

and

E� z z 1 1i j i jE � � � �� sy q x J x y x J x y x J xŽ . Ž . Ž .i j i j i j ii ii j j j j2I 2 28 I

34Ž .

where

2dJ J J
� y0.7237wJ � s q 3.3152697xž /dx x x

y0.1857 x 0.528q0.029025216 x exp y0.012 x 35Ž . Ž .

The quantities C and � , which appear in Eqs. 20 andi j i jk
Ž21, are collections of third virial coefficients the parameter,

C sC , is composed of third virial coefficients for commoni j ji
cations and common anions; hence, only two subscripts are

.needed , that is, the 	 of Eq. 18, and as such they tend toi jk
be of lesser importance compared to the B and 
 . In manyi j i j
cases acceptable results can be obtained by ignoring these
terms.

In summary, the following parameters are required to
characterize a multicomponent mixture of strong electrolytes

� Ž0.
i j

� Ž1. �One value for each cation�anion pair;i j

� Ž2.
i j

� �One value for each cation�cation pair, and one valuei j
for each anion�anion pair;

C �One value for each cation�anion pair;i j
� �One value for each cation�cation�anion triplet, andi jk

one value for each anion�anion�cation triplet.
Note that the � are in essence single electrolyte parame-i j

ters, since only single cation�anion interactions are involved.
The � , on the other hand, may be considered mixing param-i j
eters, since they arise only in multiple electrolytes systems,
that is, systems in which multiple cations andror multiple an-

Table 4. Coefficients for Eq. 14 for Solubility Products
4Compound B B B B B �101 2 3 4 5

Ž .NaHCO s y15,577.51 580.2894 y105.8717 0.2924303 y1.4613923
Ž .Na CO s y70,816.77 2,919.663 y529.0907 1.290843 y5.6482492 3

Ž .Na CO �H O s y63,465.90 2,851.752 y528.8011 1.472089 y7.1816932 3 2
Ž .Na CO �7H O s y18,934.49 484.9108 y80.11826 0.1138303 02 3 2
Ž .Na CO �10H O s y37,806.14 1,165.010 y200.0793 0.3346646 02 3 2

Ž .Na CO �NaHCO �2H O s y87,930.46 3,786.877 y701.5103 1.973255 y9.6623262 3 3 2
Ž .Na CO �3NaHCO s y120,952.7 4,776.029 y868.0586 2.226852 y10.291102 3 3
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ions are present. Studies at elevated temperatures have clearly
demonstrated that the � are temperature dependent. How-i j
ever, it remains to be determined whether the remaining pa-
rameters can be assumed to be independent of temperature.

Critical Survey of Solubility Data
Solubility data for the Na CO -NaHCO -H O system over2 3 3 2

temperatures ranging from 0�C to 200�C were obtained from
Ž .several sources including Freeth 1922 at 0�, 15�, 20�, 25�,

Ž .30�, 35�, 45�, and 60�C; Hill and Bacon 1927 at 24.87�, 30�,
Ž .and 50�C; Wegscheider and Mehl 1928 at 20�, 22�, 25.9�,

30�, 39.9�, 49.7�, 69.7�, 79.6�, 84.6�, 89.5�, and 94.5�C, Waldeck
Ž .and coworkers 1934 at 100�, 150�, 170�, 190�, and 200�C;

Ž .and Tomaszewski 1961 at 50�C. In addition, solubility data
for pure Na CO and NaHCO , critically evaluated and2 3 3

Ž .compiled by Linke 1965 , were included in the database. In
some cases, where there were obvious inconsistencies in the
data, the points in question were removed from the data set.

Ž .For example, Harvie and coworkers 1984 have already
pointed out some inconsistencies in Freeth’s 25�C data. Simi-
larly, there appears to be a typographical error in the 100�C
data of Waldeck and coworkers. In both cases the points in
question were eliminated. The study of Wegscheider and

ŽMehl identified a suspected solid ‘‘trisalz’’ Na CO �2 3
. Ž3NaHCO � xH O phase and possibly a ‘‘disalz’’ Na CO �3 2 2 3
.2NaHCO �2H O in their system. The trisalt is now known3 2
Ž .as Wegscheiderite xs0 , but there has been no further evi-

dence to support the formation of the disalt. These investiga-
tors report the presence of what evidently are metastable
nahcolite and trona phases in regions where the less soluble
Wegscheiderite forms. Since the existence of Wegscheiderite
has now been firmly established in these high-temperature
systems, these metastable nahcolite and trona points were
omitted from the database. This occurred in the 89.5�C and
94.5�C isotherms. Such points aside, there are still ample
high-quality data available at temperatures below 100�C to
ensure a high confidence in the regression analysis. Since only
single-source data are available at temperatures above 100�C,
there is less confidence in this region.

Evaluation of Model Parameters
In general, the model parameters were obtained by mini-

mizing the sum of squares of deviations between the theoreti-
Ž .cal and calculated values of ln K for each salt. The theo-sp

retical values were obtained from Eq. 14 and the parameters
Ž .of Table 4. The calculated values of ln K were obtainedsp

from definitions of the various solubility products in terms of
activities or activity coefficients and composition. For exam-

Ž .ple, the calculated ln K for trona is obtained from Eq. 1sp
after taking logarithms. Thus

�ln K s3 ln � q2 ln � q3 ln mŽ . Ž . Ž .Ž . calcs p Na CO NaHCO Na2 3 3

qln m qln m q2 ln a 36Ž . Ž . Ž .Ž .ˆCO HCO w3 3

Similar expressions were written for the other salts. The ob-

jective function is then

2
�
� ln K yln K 37Ž .Ž . Ž . calcÝ sp sp

where the sum is taken over all the data, and the appropriate
Ž .ln K value is selected for the salt corresponding to thesp

particular datum. The Pitzer model parameters are con-
tained in the activity coefficients, as already discussed.

The problem is thus reduced to finding the set of model
parameters that minimizes 
. This is no small task given the
fact that the model is highly nonlinear, and iterative means
must therefore be employed to find the minimum. Good suc-
cess was achieved using the Nelder�Mead optimization

Ž .method as described by Riggs 1988 , and his code was modi-
fied for use in the current problem. The computation proce-
dure proved to be very robust, although it was slow.

It is generally difficult to make statistical inferences in
nonlinear regressions of the type undertaken here. The model
parameters tend to be biased and nonnormally distributed.
However, as sample size increases, these difficulties ulti-

Ž .mately disappear, and in the ‘‘asymptotic’’ that is, large n
case, one can use the usual test statistics employed in linear

Ž .regression analysis. For the very large data set n�500 ,
which formed the basis of this analysis, the following F-test
was employed to test the significance of one or more deleted
variables

SSE�ySSE r py p�Ž . Ž .
�F py p ,ny p s 38Ž . Ž .
 SSEr ny pŽ .

where SSE is the error sum of squares and p is the number
of model parameters. Those quantities with the asterisk are

Ž .with the variable s in question deleted. This test proved very
useful in evaluating the significance of the regression param-
eters.

A series of preliminary isothermal regressions was per-
formed to explore the relative significance of the various
Pitzer parameters, and also to obtain a qualitative determina-
tion of the temperature dependence of the parameters that
appeared to be significant. A subset of the total database was
employed that included individual isotherms over the entire

Ž .temperature range 0�C to 200�C . An analysis along these
lines that, however, was limited to a maximum temperature

Ž .of 100�C, was reported earlier Haynes and De Filippis, 2000 .
Generally it was found that reasonable fits to a particular
isotherm could be obtained using only the four single elec-
trolyte parameters: � Ž0. , � Ž1. , � Ž0. , and � Ž1. .Na,CO Na,CO Na,HCO Na,HCO3 3 3 3

No improvement in the fit could be realized by including any
of the third virial-coefficient terms; nor was it necessary at
this stage to include the interaction parameter, � .CO ,HCO3 3

The parameter set obtained at each temperature was next
subjected to regressions with empirical temperature func-
tions. It was found that both � Ž0. terms were only mildly
temperature dependent, if at all. However, the � Ž1. terms
exhibited a strong temperature dependence, and in the case

Ž q s.of the asymmetric combination Na �CO , the tempera-3
ture dependence was rather complex. After experimenting
with numerous functional forms for the temperature depen-
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Figure 2. Residuals plot for base-case regression, Eq.
39, on entire data set: n=552, Lp=12, SSE=
22.612555.

dence of these coefficients, the following expressions were
found to perform well over the entire temperature range cov-
ered by the study

T �sTyb1

� Ž0. sb qb T �
Na,CO 2 33

� b ��Ž1. yb T yb T75 8� sb 1y e qb T eŽ . Ž .Na,CO 4 63

� Ž0. sbNa,HCO 93

2� �Ž1.� sb qb T qb T 39Ž . Ž .Na,HCO 10 11 123

Originally, polynomial regressions were assumed for the tem-
perature dependence of � Ž1. . However, it was necessaryNa,CO3

to call upon higher-order polynomials, which ultimately
caused problems with convergence to local optima. The com-
plex function for � Ž1. was superior to a sixth-order poly-Na,CO3

Žnomial, and it contains two less parameters five vs. seven for
.the polynomial fit .

Results
ŽThe entire data set after the removal of inconsistent data,

.as discussed earlier was next subjected to a regression in
which the twelve parameters in Eq. 39 were adjusted to mini-
mize the objective function 
 defined by Eq. 37. The residu-
als are plotted vs. temperature in Figure 2. The nine points
identified as ‘‘high temperature trona points’’ on the figure
are clearly responsible for the greatest portion of the regres-
sion error. These data are from Waldeck and coworkers
Ž .1934 , who reported a stable trona phase at temperatures as
high as 195�C. Scrutiny of the original article reveals that dif-
ficulties were experienced in achieving equilibrium in their
unstirred equilibrium cell. They report that ‘‘satisfactory re-
sults on the trona curve could not be obtained by use of mix-

Ž .tures of the two components’’ Na CO and NaHCO , but2 3 3
the problem could be eliminated by charging the cell with
‘‘pure crystallized trona.’’ The inconsistent behavior of these
data, coupled with the Waldeck’s inability to approach equi-

Figure 3. Residuals plot for base-case regression, Eq.
39, on data set with high-temperature trona
points removed: n = 543, p = 12, SSE =
2.624985.

librium from the forward direction strongly suggests that the
assertion of a high-temperature trona phase is invalid. It ap-

Ž .pears that only one author Tomaszewski, 1961 has included
the high-temperature trona phase in his hand-drawn equilib-
rium phase diagram, but the existence of a high-temperature
trona phase is inconsistent with published phase diagrams

Žwidely accepted by the trona industry for example, Garrett,
.1992 . Accordingly, the points in question were removed from

the data set.
With the high-temperature trona data removed, the regres-

sion was repeated, and a plot of the residuals is provided in
Figure 3. Clearly, the fit to the model is much improved. Also
shown on this figure are the �3� limits on the mean regres-
sion line. For a normal distribution of errors, the probability
that a point will lie outside these limits is about 0.002. Thus,
for a data set of roughly 500 points, no more than one or two
points should fall outside the �3� limits. As shown in Fig-
ure 3, a number of points, eight to be exact, fall outside the
limits. In every case but one, these points were associated
with an isothermal invariant point corresponding to two solid
phases in equilibrium with saturated solution. The larger ex-
perimental errors are probably associated with the experi-
mental difficulty in locating these points. Accordingly, these
eight ‘‘outlier’’points were omitted from the data set and from
subsequent analysis.

With this last operation, the effort to improve the quality
of the database by identifying and removing questionable
points was complete. The remaining total of 535 data points
were next subjected to stepwise regressions with the aim to
improve the model by deleting statistically insignificant terms,
or by adding additional statistically significant terms. In each
step one or more parameters were either added or removed,
the entire regression was repeated, and the ‘‘extra sum of

Ž .squares’’ due to the particular parameter s was tested for sig-
nificance. The error sum of squares associated with various
parameters is summarized in Table 5. The corresponding F-
values were obtained from Eq. 38. Those calculated F-values

Ž�.identified by an asterisk are significant compared to the
Ž . Žcritical F 1, � s3.84 for a single parameter or F 2,0.05 0.05
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Table 5. Extra Sum-of-Squares Analysis for Significance of
Terms in Eq. 39 and Attempted Improvements

Source SSE F

Base case, Eq. 39 1.758288 �
�Ž0.Linear term in � 2.165491 121.1Na,CO 3

Ž0.Quadratic term in � 1.758043 0.1Na,CO 3 �Ž0.Constant � 1.880556 36.4Na,HCO 3
Ž0.Linear term in � 1.744933 1.74Na,HCO 3

�Ž1.Quadratic term in � 2.872468 331.4Na,HCO 3Ž1.Cubic term in � 1.755737 0.76Na,HCO 3
Constant interaction term, � 1.755757 0.75CO ,HCO3 3
Temperature-dependent interaction term,

�� 1.704378 8.24CO ,HCO3 3

�Significant parameters.

.� s3.00 for two parameters. The parameters b to b in Eq.4 8
39 were not tested since no reasonable convergence could be
obtained with any of these parameters omitted. The conclu-
sions from this analysis are first that all terms in the base
model, Eq. 39, are significant, and further that the inclusion
of additional terms cannot be justified by the data. However,
the correlation is significantly improved by including the tem-
perature-dependent interaction parameter

� s ysb qb T � 40Ž .CO ,HCO 13 143 3

A residuals plot for this model is provided in Figure 4. There
is no obvious trend in the residuals with temperature. A nor-
mal scores plot of these residuals produced a good straight
line except for a small deviation in the large negative residu-
als. The residuals are, thus, normally distributed. Regression
parameters are compiled in Table 6.

Some representative calculated isotherms are compared
with the data in Figure 5. Keep in mind that these are not
curve fits to individual isotherms, but rather the regression is
on the entire data set, which includes experimental results
from numerous sources at many different temperatures.
When viewed as a whole, the calculated results are probably

Figure 4. Residuals plot for model regression on re-
duced data set: n = 535, p = 14, SSE =
1.704378.

Table 6. Regressed Eqs. 39 and 40 Parameters

Parameter Value Parameter Value
y2 2b �10 2.60369 b �10 7.3517921 8
2 3b �10 7.585726 b �10 y9.3065552 9
4b �10 y1.645319 b y0.10939493 10

3b 4.912421 b �10 8.393514 11
3 5b �10 3.656319 b �10 y1.8631985 12
9 3b �10 4.097589 b �10 1.5870836 13

5b 5.68999 b �10 8.935017 14

comparable to the uncertainty in the data. Not surprisingly,
the greatest misfit is in the 200�C isotherm. Although not
shown, the calculated 190�C isotherm exhibits similar dispar-
ity when compared with the data. For reasons discussed pre-
viously, the high-temperature data of Waldeck and coworkers
Ž .1934 appears to be of rather poor quality. Thus, the inabil-
ity of the model to provide a close fit to the 190�C and 200�C
data may be as much a reflection of uncertainty in the data
as of uncertainty in the model. Regardless, a note should be
made of this discrepancy until the question is ultimately re-
solved by the attainment of additional high-temperature solu-
bility data.

Phase-equilibrium diagrams calculated from the model are
presented in Figures 6 and 7 for TF100�C and in Figure 8
for the high-temperature region. Invariant points are com-

Žpiled in Table 7. According to the phase rule, there is a sin-
gle degree of freedom for three coexisting solid phases. Spec-

.ifying pressure makes these points invariant. The calculated
phase diagrams are in good general agreement with phase

Ž .diagrams that appear in the book by Garrett 1992 . Small
differences are evident, but as a matter of fact there are simi-
lar small discrepancies between Garrett’s high-temperature
Ž . Ž .TF200�C and low temperature TF100�C plots. Phase

Ž .diagrams TF100�C employed by the various companies op-
erating in the Green River trona region also exhibit small
discrepancies. In some cases, the phase relationships em-
ployed by industry may be based in part on proprietary data.

( )Figure 5. Selected calculated isotherms lines com-
( )pared with the experimental data points :

`—nahcolite; �—decahydrate; ^—trona;
�—wegscheiderite; �—anhydrate.
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Figure 6. Trona-phase equilibrium diagram; low-tem-
perature region.

Figure 7. Trona-phase equilibrium diagram; detail for
sodium carbonate heptahydrate region.

When studying phase diagrams from various sources, it is evi-
dent that the location of the nahcolite�trona�Wegscheiderite

Žinvariant point seems to vary over a fairly wide range by some

Figure 8. Trona-phase equilibrium diagram; high-tem-
perature region.

Table 7. Calculated Invariant Points

Na CO NaHCO T2 3 3
Ž .Solid Phases Molality Molality �C

Nahcolite�ice�decahydrate 0.46 0.58 y3.37
Nahcolite�decahydrate�trona 2.11 0.60 20.5
Trona�heptahydrate�decahydrate 4.37 0.087 32.3
Trona�monohydrate�heptahydrate 4.84 0.064 35.6
Nahcolite�trona�Wegscheiderite 2.08 1.55 73.7
Monohydrate�trona�anhydrate 4.14 0.87 102.4
Trona�Wegscheiderite�anhydrate 3.91 1.43 112.5

.15�C or more . Similar discrepancies are observed in the
trona�Wegscheiderite�anhydrate invariant point. Generally,
the model calculations fall within the extremes of phase dia-
grams that are widely employed by the trona industry. The
model calculations would thus appear to be suitable for de-
sign purposes.

Discussion
It was pointed out earlier that solution compositions may

be altered due to homogeneous reactions responsible for the
qŽ . yŽ . Ž .production of H aq , OH aq , and CO aq . These reac-2

tions were not considered to be an important factor in con-
centrated solutions, and the effect was ignored. However,
when dealing with dilute solutions, the compositions of these
components might be comparable in magnitude to the dis-
solved salt species. Thus, for computations on dilute systems
it may be necessary to take into account additional equilibria
for the hydrolysis of carbonate ion

CO s aq qH O l °HCO y aq qOHy aq VIŽ . Ž . Ž . Ž . Ž .3 2 3

and for the decomposition of bicarbonate

2HCO y aq °CO s aq qCO aq qH O l VIIŽ . Ž . Ž . Ž . Ž .3 3 2 2

Upon taking note of the strongly basic nature of trona brines,
the hydrogen ion composition may be safely assumed to be
zero, even in dilute solutions.

Equilibrium calculations based on the HKF model reveal
that the thermodynamics of both of the preceding reactions
strongly favors reactants at low temperatures. Further, the
second reaction, responsible for the formation of aqueous
CO , is unlikely to be significant at all temperatures covered2
by this investigation. The exclusion of aqueous CO from the2
analysis of solubility data thus appears reasonable. The for-
mation of hydroxyl ion begins to assume a small and possibly
significant role at the higher temperatures. This said, it is
unlikely that the formation of hydroxyl ion could be a signifi-
cant factor in highly concentrated, saturated solutions.

The temperature dependencies of the Pitzer �-functions
are provided in Figure 9. The � Ž1. term for sodium carbon-
ate exhibits a clear hump, whereas, the temperature depen-
dence of the analogous sodium bicarbonate term is much
more gradual. These are empirical temperature functions, and
one should not make too much ado over their shape. It is
nevertheless tempting to suggest that the complex tempera-
ture dependence of the sodium carbonate parameter might
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Figure 9. Temperature dependence of the regressed
Pitzer � -functions.

be associated with the formation of the monovalent sodium
carbonate ion, NaCO y. Experimental evidence suggests that3
the monovalent sodium carbonate ion, NaCO y, may be3

Žformed in this system Garrels et al., 1961; Butler and Hus-
.ton, 1970; Nakayama, 1971; Chen et al., 1992 . However, at-

tempts to obtain a significantly improved regression by explic-
itly including this component in the analysis were unsuccess-
ful.

In the development of this model, it has not been neces-
sary to adjust any thermochemical parameters. However,
there is always considerable uncertainty in K values, andsp

Ž .under the best of circumstances, ln K values can only besp
calculated to within about one logarithmic unit when using
thermochemical data from various sources. Higher accura-
cies, to within about a 0.2 logarithmic unit, are claimed when
all calculations are based entirely on the HKF model, since

Ž .internal consistency is assured Oelkers et al., 1995 . Thus,
there would appear to be a potential for further improve-
ment by allowing the solubility products to vary. Indeed, a
small, but statistically significant improvement was obtained

Ž .by allowing for a linear variation in ln K with tempera-sp
Ž .ture. The maximum adjustments to ln K varied from 0.28sp

to 0.59 for the various salts, and were thus well within the
allowable range. However, these results are not reported here
because of uncertainty in the high-temperature solubility data
that was responsible for much of the adjustment.

Conclusions
A thermodynamic-solution model applicable to concen-

trated trona brines has been successfully constructed, which
covers the temperature range from about 0�C to 200�C. The
trona phase cannot exist above the trona-Wegscheiderite-
anhydrate invariant point at about 113�C. Although some un-
certainty is evident at the higher temperatures due to a lack
of quality data in this region, phase-equilibrium diagrams
generated from this model appear suitable for design calcula-
tions. The availability of Pitzer parameters for concentrated
sodium carbonaterbicarbonate systems now makes it possible

to explore the behavior of saturated mixed electrolyte sys-
tems of the type encountered in the trona industry.
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Notation
asparameter in standard-state heat capacity, Eq. 11; modified

Debye�Huckel parameter, Eq. 23¨
a scomponent activity, molrkgî
bsparameter in standard-state heat capacity, Eq. 11; modified

Debye�Huckel parameter, Eq. 23; regression coefficient
Bsparameter in Eq. 14

B scollection of second virial coefficients for ion pairs of unlikei j
charge

C scollection of third virial coefficientsi j
C osstandard-state heat capacity, kJrmol �KP
Gosstandard-state Gibbs free energy, kJrmol
H osstandard-state enthalpy, kJrmol

Isionic strength, Eq. 19
Jsfunction defined by Eq. 32

K ssolubility product, such as Eq. 1s p
m scomponent molality, molrkgi

nsnumber of ions in solution
n scomponent moles, moli
psnumber of regression parameters
Rsuniversal gas constant, kJrmol �K

Sosstandard-state entropy, Jrmol �K
Tsabsolute temperature, K

T �sshifted temperature, Eqs. 39 and 40
Ž .w smass of solvent water , kgw

xsdummy variable
z sionic chargei
Zsquantity defined by Eq. 22

Greek letters

sparameter in Eq. 27

� Ž0.sPitzer parameter, Eq. 27i j
� Ž1.sPitzer parameter, Eq. 27i j
� Ž2.sPitzer parameter, Eq. 27i j

� scomponent activity coefficienti
� sinteraction parameteri j
� ssecond virial coefficient, Eq. 18i j

	 sthird virial coefficient, Eq. 18i jk
� sstoichiometric coefficient

sobjective function, Eq. 37


 scollection of second virial coefficients for ion pairs of likei j
charge

� scollection of third virial coefficientsi jk

Subscripts and superscripts
appsapparent

fsformation reaction
Ž .fussfusion melting

msmolality based
Mscation
osstandard state
rsreference
sssolid

spssolubility product
Tstemperature dependent
Xsanion
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